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1.1.2. Types of Differentinl Equations
Differential equations are of two types :
(i) Ordinary differential equations
(i) Partial differential equations

(i) Ordinary Differential Equations. The differe
independent variable are called ordinary differential equations. In
(4), (5) are all ordinary differential equations.

(ii) Partial Differential Equations. The differe
differential co-efficients with respect to more than one in
differential equations. In Art. 1.1.1,, equations (6) and (7)

In the present book, we shall be dealing only with ordinary differential equations.
1.1.8. Order and Degree of Differential Equations M. .__‘ 2015

ntial equations which involve asi

Art, 1.1.1., eqns. (1), (2), ¢

ntial equations which involv : pa
dependent variable are called par
are partial differential equation

7 -’ der of a differential equation is the orderofthehtghe ¢

W SRR T

-

are of first order, equation (4);

For example, equations (1), (2) and (3) of Art. 1.1.1.
second order and equation (5) is of third order.

The degree of a differential equation is the degree or
= iont which occurs in it after the differential equation h

dx

3 - '2 3
15 [gl] =p° a9 s
dx dax?
. . . ’ . h
ation is of second order and third degree, In Art. 1.1.1.

all are of first degree.
olution of a Differential Equation

4/3 -
For example, the equation [1 - (ﬁ] ] =p gx—z, when freed from radical

T i
ne 1orm

, satisfies the equation is called a solution or in egral o
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ular Solution. The solution obtained by #iving -

pm’ﬂc particular valung te
) mstants in the general solution is called the particular solutiey, o dependent
1 t"‘ B )

. Gingulnr Solution. A solution which does not contain i,
. ‘ :
§ able from the complete solution by giving particy
singular solution.

Y arbitrary Constant anq

ot abtain ar values tg the arbitrary

2" eiscatled 8
ation of Differential Equations.

vation ofdiﬂ%f"-’"t""‘ equations by elimination of urbitrary éon,fa,,g,.

@ Let the primitive be f6y,0)=0 -
re'a’isan arbitrary constant.
whe
dy
-erentiating(l). we get F [x,y, o a) =0 -

- e d (2), we shall obtain a relation betw dy
Eliminating ‘@ between (1) and ( n between x, y and ==

; AR
Let the relation obtained be W { %%, =~ |=0.

.. is a differential equation of the first order. So we should expect one arbitrary constant

. the solution of equations of first arder.

Gi) Again consider the relation | |
: f(xsys a, b) =0 '"(1)

By differentiating (1), suppose we get the relation ’

dy }
—,a,b| = +(2)
¢1 (xny! dx a
Differentiating (2) again, suppose we get
dy d*y | 3)
H s'_"—-:a,b =0 e
¢2 (x Yy dx dxz

Eliminating ‘', b’ between (1), (2) and (3), we shall get a relation of the form

dy d%y
[0 £ R - =0,

Which is 5 g i i ! | |
( ut?gdlffel”entla_l equation of second order. So we should expect two arbitrary constantsi
4o of equationsg of second order.
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Mdx+Ndy = d[u+ ff(y)dy}

Mdx+Ndy =0

d[rmjf(y)dy] =0

y constant

- “enly valuc I

M _oN
dy Ox

j Mdx + J. (termsin N not containing x) dy =c, which is the required solution.

Find the value of o, assuming that the differential equation

(I + 2%y + ax?y?) dx + (2 + 2992 + 23y) dy = 0 is exact.

Solution, The given differential equation is

(1+ %23 4+ 0x2y2) dax + (2 + x%2 + xy) dy = 0
Comparing equation (1) with M dx + N dy = 0, we have

M =1 +2x%%+ ax?y? and N = 2 + %2 +aly

) In an equation of the form M dx + N dy = 0, first check the condition of exactness

(D)
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oM . ( 4 2 0
— = dely? 4 204% | —— =3x%%+ 3x?%y
ik dxy? 4 200y anc B 'y
R oM 0N
As the given differential equation is exact, so ‘EE =

Ay + 2ax?y = 3x?%y? 4+ 3x?y
3

= 20=3 = oa=—,

I Example 2. I

Solve the differential equation (1+e*'?)dx +e*'? [1 - E—J

Solution. The given differential equation is

(1+e””)dx+e""y (1—5-de =0
Y

Comparing (1) with M dx + N dy = 0, we observe that

M=1+ex/y,
and N = e”y [1—"{)
_ Y
?‘E =exly ___x_ :__ﬁ_ex-".?
3y y? y*
oN
and — =e”3’.—1-(1—£]+e"’”. —l]
Ox y y) y
__exly[_l____iz____l_ =__f_exly
y ¥t oy) e
Since XM _ QE, therefore equation (1) ig exact,
dy ox

Hence the solution i8 I Mdx +

(terms in N not containing x) dy =¢ -
¥y constant

j(1+e’”-")dx=c

¥ constant

ur/y
XA —— =, . xly _
113’ c = X+ye =,
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SJoe the rfim'n'anl equalion

=2yt 4y dv - @x%y ~ dxy* 4 sin y) dy = 0. (M.D.U. 2013, 12,2000)
solution. The given differential equation is

(x* - 2vy% + yY) dx - (2¢%y — 4233 + gin ydy =0 )
pmparing equation (1) with M dx + N dy = 0, we observe that :

M = xt — 2¢y2 4 44

N = (- 2¢2y + 4xy3 — gin y)

o -y

oN 7
— =—dxy + 4y3 -
e Y y -

CM 6N
cy 6:1’.

,therefore the given equation (1) is exact.

Hence the solution is

J Mdx + I (terms in N not containing x) dy=c

Y constant

I(x" —-2xy% + y*) dx + I —-sinydy=c

¥ constant

IS 2 x2 f"-d
—g——?..y —+y* . x+cosy=c ¥
2 :
x° L
- -x®y? + xy* 4+ cos y =c.

4

Solve the differential equation

3
y .
S()l ti m ’
ution, The Biven differential equation is

y? - 82
2xdx (———‘?x ]dy-_-o

y y ...(1)
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i.e.,

ar

or

or

| Example 5. I

Comparing equation (1) with M dx + Ndy =0, we observe that

2
VA 1 3x
=2 and N = ——-—
M yn yz yd
oM _ —6x N _  bx d
= =—and — =-—7
Ay y ox y

Since — ‘qM oN _therefore the given equation ( 1) is exact.
cy s

Hence the solution is

I Mdx + J (terms in N not containing x) dy = ¢

y constant

| e i(gee

» constant

3

2 J- xdx+j-1?dy=c

y y constant y
x2 _ 1 c
¥y

x2—y2 = ¢y3.

2 2
x |
Solve the differential equation { o2 dx - (x——y)—g_ dy|=0. (M.D.U. 2018
Solution. The given differential equation is
2 2
Y g% dy=0

(y —x)? (x - y)?
Comparing equation (1) with M dx + N dy = 0, we observe that

2
M=—2
(y - x)?
2
N=__%_
(x - y)?
M _ (y-x?%.2y-y*.2(y-x)
o (y-x)*
_ 2y(y-x) - 2y?
(y—x)?
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[ Mdx + [ (terms i TR
o I erms in N not containing x) dy = ¢
: 2
- de- | 0d
. 2 y=c
¥ constant (y x) I
1 .
¥ J. ( gdx=c
¥ constant Y- x)
y? I (y—x)2%dx=c
¥ constant
2 (y e I)-l
Y /=
-1 x(-1)
y2

2
=c = = -x).
y c(y-x)

' 2
erify that the differential equation x dx +y dy = a (xdy-ydx) is exact and

Al x? + y*
45 .
olution. The given differential equation is
. 2
a® (x dy — y dx)
xdx+ydy =
yay 24y
. a’x a2y
xdx+ydy = 7 dy - dx
Y x? + y x +J’2
2 2
a“y ax dy=0 : sl
X+ dx+|y - Y
[ ' x2+y2J J’[ x2+J’2J
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equation (D with M dx + N dy =0, we observe that

Comparing
) 2
a’y a‘x
= X+——=— and N=y-——
M %4 y? I y?
oM o2+ yH -y @y ]| a’(x?-y?) hic
=0+a 2, 02,2 =T 3. 22
Ay (x* +y*) | & +y9)
- . he
ON o | (x4 y%) — x(2x) a’(x? - y?) -3
and = —0-a 2, 2,2 =T 2. .22
Ox (x*+y5* | & +y%)
N _ . 'st
Since (i—M = (i—, therefore equation (1) is exact. A
éy ox
iff
Hence the solution is I Mdx + _[ (terms in N not containing x) dy =¢
y constant
a’y
or I x+—— dx+Iydy=c
x“+y
) constant
2 2
. x 2 J‘ dx ¥y _
—+a —s t—=c¢C
L€, 2 Y x24+y% 2 T
y constant
2 2 dx 1 1
or —+a2y.ltan'1—+—‘y—=c [ j 3 2=—trm‘Ii
y y 2 x“+a” @ a
r
or 3524-y2+.‘7'..|r:z2 tan~! X =2¢ T
Yy
2, .2 2, -1[X b
or x“+y° + 2a” tan — (=K,
Yy

where 2¢ = K is any arbitrary constant.
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B EXERCISE 1.1 |

Solve the following differential equations [Q. I-5]:

L Tt~ (e’ +licosxdx +e¥sinxdy=0

(ii) ysin2xdx - (y%+cos’x)dy=0

: , m
(iii) [cosxtany +cos (x +y)] dx + [sin x sec®y +cos (x + ¥)] dy = 0. - : fi

2. (i) sec’xtanydx +sec’ytanxdy=0 A
' : 1.6

GD) [y[l+%J+cosdex«i—[xHogx;xBiﬂJ’de=0

(iif) cos x (cos x - sin a sin y) dx + cos y (cos y - 3in a sin x) dy = 0.

Boli) zdxtydys+ Ty _, (M.D.U. 2013, 11
I2 +y.z

(i) (x2-2xy+3y*)dx + (49" + 6xy -x2) dy =0
i) (2 +y% +e?) dx + 2y dy =0 | . -
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gERGE DIFFERENTIAL EQUATIONS 7 170 7 700 i T R ]

@) (2% +xy?+3y)dx + (2% + 5%y + Bx) dy = 0

4.

@ xQ +yDde+y(1 +x2) dy = 0.

-2y =2l yF dy = (M.D.U. 2001)
5 3+ 30D dy+B% +yY)dy=0 LTV 3006]

3
1. G) (@@ +1sinx=c ) 3'90521+.}’_+c=0
@) sinxtany +sin(x+y)=c.
2. (1) tanytanx=c -4 (i) xy+ylogx+xcosy=c
(iii) 2(x +y) +8in 2x +8in 2y — 4 gina sin y sinx = K, :
3. (@) .t2+y2-—2tan“1£=1{ (i) %xa—x2y+3y2x+y4=c
Yy
13 2
((11)) —3—+xy +e* =c.
4. () 4% +32%% + 18xy = 6¢ : (i) 22+ (2+1)y?=2c S,
¥
(i) o’ -xy® -2’y - - =c | 5. xi+6xfy?4yt=c
1.6. INTEGRATING FACTOR (M.D.U. 20 1:9]

Definition. If a differential equation is not exact and it becomes exact after it has been
multiplied by some suitable function of x and y, then such a function is called an integrating

factor.

Integrating factor is denoted by L.F.

1.6.1. Theorem. Number of Integrating Factors.

To show that there is an infinite number of integrating factors for an equation

Mdx+Ndy =0.
Proof. Let p be an integrating factor of M dx + Ndy =0 (1)
Then, for suitable function u of x and y, we have
.(2)

u(Mdx+Ndy) =du

From (1) and (2), we have du =0.
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On integration, we have w =¢, which is a solution of (2).

Multiplying () (hroughout by £ (1), a function of u, we get
/) IMdx + Ndyl = f(u)du
which is an exact differential equation.
- pfanis an LEF. of equation (2),

Since f(u) is an arbitrary function of 1, hence the number of integrating fa
infinite. <

1.7. INTEGRATING FACTORBY INSPECTION
N

study the followmg results :

Group of Terms LF. Exact Differential
1 xdy-ydx (¥
1.| xdy-ydx = 2 _d{x]
SO | ydx —xdy [x]
2 _ L] RIS g2
_}'dx xd.)’ yz y2 y
dy dx
3.| xdy-ydx ES —y——=d(logl)
xy y X x
xdy-ydx, 1 '
dy — ydx 2 :
4.| xdy-ydx 21 > xy2 y2 = X 5 =d(tan_ll)
x4y x“+y (y] x
1+(=
. x
5.1 xdy+ydx 1,1 M=d[10g(xy)] forn=1
(xy) xy |
6.| xdx+ydy Tl_z_ M=d -1 -
(x* + y=)" (x2 + y%)" _2(!1—1)(:r2+y2)"' ,,
or M:d llntg (:c2+y2)}ifn='
x“+y | 2 o
1 ye*dx—e*dy e*
. e d 2 % =d -
7 ye‘dx e* dy y2 _}'2 |:J"j|
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I ' R y
wove that \T';r_”_ istheintegrating factor ofthe equation [M.D.U. 2016]

I+xy)ydx+T-xy)xdy =0

Solution. The given differential equation is

(1+xy)y cjlx-l-(l—xy)xdjy =0 «&1)
Comparing it with M d.f +N dy' =0, we get

M=(1+xy)y and N=01-xy)=x

oM oN
— =1+ 2y and — =1-2«
ay \ Ox Y
il\é * QE ’
oy 0x
>. Equation (1) is not an exact equation.
Multiplying (1) by —21_2 » we get
x°y /
1+2xydx+1—':ydy -0
x“y xy
1 1 (1 1
[ESE1 PRV g
x'y X xy Yy

Comparing (2) with M dx + N dy =0, we have

= %+l and N = 1,, 2
x°y X xy” ¥
oM 1 oN 1
—_— = - and — = —
dy x2y2 ox I2y2

Since E—M_= oN

—_—

Jdy  Ox

* Equation (2) is an exact equation.

. : . :
Hence, ~Z7 isan integrating factor of equation (1).
Y
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I Example 2. I

Find the value of w, ify* is an integrating factor of the differential equatiy
2vy dy - (3~ y?) dy = 0,
Solution, The given differentinl equation ig
2vydx - (3x? -y dy = 0
Itis given that y “is an LF. of (1), so multiplying (1) by y*, we get
2vy y"dx — (3x? - y?) yrdy = 0
Comparing (2) with M dx + N dy =0, we get
M= 200! and N = — 3%yt 4 ya+2

‘M " 0 -
_i_;,_ =(w+1) ?.ty and a =—6xy

oM oN

As the given differential equation (2) is exact, so =
dy Ox

2(a+ Daxy® = — Gy
= 2a+l)=-6 = o+1=-3 = o=-4.

1 ' -
Show that L2 is the integrating factor of the equation (x2 +y?) dx -2xy Li‘._
its solution. [K.U. 2019, ]

Solution. The given differentjal equation is (x + y2) dx — 2xy dy = 0
Comparing it with Mdx + Ndy =0, we get
M=x24+42 and N = -2y

oM oN
— =9 b SN
o Y and - 2y

i oN
S — 1 1
ince > ¥ o’ therefore equation (1) is not an exact equation.

Multiplying (Dby 2 we have
X

1+ dx -2 Y
o2 - ;dy‘-:()

Comparing equation (2) with M dx + N dy =0, we have

y* '

M=1+F and N= =29
oM 2y *
‘5;‘ = ;—2- and QIF_ = _2_31
Ox 22
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éM !
Since _5;. == therefore equation (2) is an exact equation.

Hence the solution is given by

J- Mdx + I (terms in N not containing x) dy = ¢

y constant
y2
Jl 1+ —2} dx+0 =c¢
X

y conatant
2

Yy
r-o=e x% - y? = cx,

1 G
Hence, LF. = = and the solution is 2% — y2 = cx,

Find the integrating factor and solve the differential equation
y Cxy +e*) dx—e*dy = 0. '
Solution. The given differential equation is y (2xy + e*) dx —e*dy =0
Comparing it with Mdx + Ndy = 0, we have
M = 2xy? + ye* and N=-¢

oM ‘ - oN

E =4xy +e¢* and oy e*
oM

Sinc

Multiplying (1) by —}2— , we get
35

(2xy + € g o
—_— dx———z—dy-ﬂ
Y y

4 X
2x+e—de—e—2dy =0
Yy Yy

Comparing (2) with Mdx + Ndy = 0, we have

x
M=2+% and N=-£_
y y
M _, e N _ e*
e B vl
i Yy
Since ZT aN , therefore equation (2) is an exact equation.
Hence the solution is I Mdx + I (terms in N not containing x) dy =¢

¥ constant

(1)

-(2)
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or

1. yvdx—-xdy=0. 2. ydx—-xdy+logxdx=0 [KU_V
3. al(xdy+2vdx)=xydy. 4. (y%* +2xy)dx —x2dy =0. -
L lovr—l.,- or %;y=cx. ' 2. —Jsex+y+logx+1=0.
xy - 2 x X
1 1
8. —:2alogx+alogy-y=c. 4, —:p*
xy =4
¥
1.8. RULES FOR FINDING THE INTEGRATING FACTORS

1 L, et
Henee LE. = and the solution is x?r— =c.
y y
Aliter : From equation (2) above, we have
ye'de —e'dy _

v®

2x dx +d [%} -0

2x dx +

X
Integrating, we have x? + £ o-¢ , which is the required solution.
JI

EXERCISE 1.2

Find the integrating factors and solve the following differential equations :

1.8.1. Rulel. IfM (x, y) and N (x, y) are homogeneous functions in x, y @ d

equation M dx + N dy = 0 is not exact, then __1 _u is an
Mx + Ny ‘
provided Mx + N y + 0,

Proof. The given equation is Mdx + Ny =0

As equation (1) is not exact, therefore we have to find the integrating factor. -
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" ORDINARY. DIFFEREN

SOLVED EXAMPLES

Example 1.

~ Example 2.

Find the integraing factor of the differential equation
0% - 3xy) dx + (22 - xy) dy = 0.
Solution. The given differential equation is
02 -3y dx + (x?—xy) dy = 0
Comparing equation (1) with M dx + N dy =0, we have
M =y%-3xy and N = x2— xy
— =2y-3x and ﬂ =2x-y
oy dx

. cM 6N . . .
Since —# — 50 the given equation (1) is not exact.
cy ox
Now, Mx + Ny =xy2-3x¢y + 2% —xy2=— 2x%y £ 0
As equation (1) is homogeneous in x, y, therefore

1 1

LF. = Mx+Ny=—-2x2y )

e T4 =

Solve x’y dx - (x? +y3) dy = 0.

Solution. The given differential equation is x2y dx — (x + y)dy=0
Comparing it with M dx + N dy = 0, we have

M =x2%y and N =—-x3_43
A
(:_NI- = x2 and E =— 33:2
oy ox
Since %M # ..aai{ , therelore equation (1) is not exact.
y x

As equation (1) is homogeneous in x and y, so

1
LF. = ¥ Ny
New, Mx+ Ny =@x2)x+ (=" -y y=—yts0
LF. = - —
y
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“EXACT GIFFERENTIAL EQUATIONS ™
oy - | | 1
Multiplying equation (1) by — ;4‘ wo get
i 1
X s
i (*‘i‘ -’ l]rly =0 -(2)
“' ly 'v - .

Now. cquation (2)is an exact equation 7

)
oy ax oy

Hence the solution is I M dx + I (terms in N not containing x) dy = c,

yconstant

X
where ¢ is any arbitrary constant.
2
ie Jl -%dx-%fldy=c
¥ constani Y Y
?

1 2
- ——ajx dx+j——dy=

y

xB

3y

Solve the following differential equations :

Ty - 20 dx— (P - 3x%y)dy=0. . 2. (3xy?—y%) dx—(2¢% —xy?) dy =0.
) ' K.U. 2014] "0 [K.U. 2015]
3. (x*+y%)dx—xy*dy=0. 4, y?dx+(x? —xy—-y)dy=0.
x y
Ay Zlgx+3logy=ec 2. Blogx+=-2logy=c.
X
3. y'=4x'logx +cxl. 4, (x-y)y*=c(x+y).

L8.2.Rule 2. If the equation Mdx + Ndy = 0 is not exact and is of the form

flxy) y dx + g (xy)x dy = 0, then —t is an integrating factor
| Mx - Ny v

provided Mx — Ny # 0,

Proof. The given equationis M dx +Ndy =0 (1)
As equation (1) is not exact, therefore we have to find the LF.

Supposé that _M-x_iﬁ; isan LF.
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Multiplying eqn. (D by LI%, we get

M dx +

dy =)
Mx ~ Ny Mx - Ny

: (xy)
yf(xy) dx + ad:dicd ly =
xyv [ fxy) = glxy)l xy [ f(xy)— glxy)]

vy 2 ( xgl(xy) J
v [f () = glay)]) dx\aylf(xy) - glxyl

or

N @
ow. E—[

_ 0 f (xy K [ g(xy) J
ey lxlfay) —gy)l) x|l y(flxy) - gyl

[lf(xy) -2 ey x = Flay) [f(xy) x - g’(xy):c]}
x[f (xy) - glxy))?

[[f(xy) gl g'(ey)y — gy [f' (xy) y - g'(xy
yIf (xy) - g(ay)P? |

x[flxy) g'(xy) - glxy) f'(xy)] _ Y (xy) g'(xy) — glxy) £/ (xy)]
x[f(xy) - g(xy)? yIf(xy) - glxy)]?

i[ yf(xy) J_i( x g (xy) _
cy\xy[fy)-glay))) x|\ xylf(xy)—glxy) )
Thus equation (2) is exact.

1
Hence to make equation (1) exact, Mr—No is the L.F.

_ Ny
Example 1.
Solve (xy* + 2x°y’) dx + (x®y - x%y?) dy = 0. [K.U. 2015, 12, 06; M.D.U. 2008,0

Solution. The given differential equation is
(xy? + 26%7) dx + (x%y — x%2) dy =0
Comparing equation (1) with M dx + N dy = 0, we observe that
M=xy2+2:%3 and N-= xZy —

?;I = 2xy + 6x%? and ﬂ—-2:.,-_‘],: 3x2y?
Since % ¥ _gy_ , therefore the given equation (1) is not exact.
oy x
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Also Mz — Ny = (xy® + 2x%%) x - (x2y — x%y2) y = 3433 2 0,
Equation (1) can be written as

(xy + 2¢%%) y dx + (xy - x%y?) x dy = 0 (2)
-, Equation (2) is of the form

Y flxy) dx + x g (xy) dy = 0

IF=_1 _ 1
M.\C'—-Ny 3x3y3

p Multiplying equation (1) by 1 we have

3x3y“’
1 2
3x y 3x 3xy By
. . L OM _eN 1
which is an exact equation, "oy " ox 375
Hence the solution is j M dx + I (terms in N not containing x) dy = ¢;,
y constant
where ¢, is any arbitrary constant.
1 2 1
or 5 +—]dx+ -—dy= ¢
t ycon{tmt[ 3x y 3x .[ Sy
1 1 2 1 1¢1
— | = — | Zde-=|=dy =
or Sijzdx+3'[xdx SJyy ¢y
' L2y x—llogy =c
pr 3y 3 03 =1
1
or ——+2logx—-logy =3c
Xy
1
or ——+2logx-logy =c.
)

! xy
Solve the following differential equations :

L Q+xy)yde+(1-xy)xdy=0,

‘2\@2 +xy +1)y dx + (%2 - xy +1) x dy = 0. (M.D.U. 2009, 2000; K.U. 2005]
3. (ehyt 4 a2y2 xy)y dx + (x*y! - x2y2 + xy) x dy = 0. [M.D.U. 2015]
4. (xy sinxy + cos xy)y dx + (xy sin xy —cos xy) x dy = 0. [M.D.U. 2016]
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1

x 1 X
1. ~—+log==¢ 2., xy—-—+log—==c
W y x

1l a0 1 x
g -ty -——+log—=c¢

5 o v 4. x sec(xy)=cy or x=cy cos(xy)

1.8.3. Rule 3. If the equation M(x, y)dx + N (x; y) dy =0 is not exact and

(x) dx . 2 K
function of x only =f (x) (say), then eI % isan integrating factor.

Proof. The given equation is
M(x, y) dx + Nix, y) dy =0
As equation (1) is not exact, therefore we have to find the integrating factor.
Suppose that p(x) is an integrating factor, where p(x) depends upon x only.
Multiplying equation (1) by u(x), we get
ulx) M(x, y) dx + u(x) N (x, y)dy =0
This equation is exact if and only if

0 0
3y [p(x) M(x, y)] = P ()N (x, y)]
15}
o ) [Mexr, )] = nC) 2 NG, Y1+ N (s, y) A
day 0x Ox
0 0
d —M(x, y) - — N(x, y)
or — plx) = plx) ga
dx N (x, y)
Oplx)  dplx) i i e
| { ox - de ® p(x) is a function L-.
Integrating (2), we get
0 0
ZM-Z
Id}l(x) =J‘ Oy adex
p(x) N
oM oN
log u(x) = I 9y N g dx
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[ﬂM - ﬂN] oM _oN
I _-.l_LN'Fh-d't___: PI r[_”’,x X ay ax

(1)

M = 2 cos y? and N =—xy sin y?

cM oN
=—4y siny2 and a—=_.ysiny2
x

oy
A é6M 6N . i
Since — # —, therefore equation (1) is not exact.
cy ox
oM ON
A AL .2 9
0y ©Ox _ 4y sin y .+y251ny =§ _f ),
N —xysin y X
nich is a function of x only.
3
S dx
8 I L L L T [Using Rule (3))

(22 + y2 + 2¢) dx + 2y dy = 0. (1)
Comparing (1) with M dx + N dy = 0, we have
M=x2+y2+2¢ and N=2

oN
Q_N..I_ = 2y and ———

oy o0x
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oM, N equation (108 not, exact.

Since — # - _therefore
oy X
oM ON
l“ ¥ ﬂ_‘- 2)! - n
N ow : e _al=f(%)
Now, N 2y
LF. = cjffxld.r:_cjl.dx:ex |

ion (1) by e¥, we have

Multiplying equat
+ 2xet) dx + 2ye* dy =0

(‘\.2(.\' +.‘12“,."
B oM ON
Now equation (2)1s exact. .

Hence the solution is J‘ Mdx + I (terms in N not containing x) dy =¢,
y constant

where ¢ is any arbitrary constant.
e, j (x2e* + y%e* +2xe")dx =c¢
v constant

or J-(x2+2x)e"dx+yzj.e"dx=c

’ or x2e* + yZe* = c. [ I [f(x)+ f(x)] e* dx=flx L

I' Example 3.

Solve the differential equation
(2y sin x + 3y? sin x cos x) dx - (4y3 cos® x + cos x) dy = 0. [M.D.U. 20k

Solution. The given differential equation is
p (2y sin x + 3y* sin x cos x) dx — (4y° cosx +cosx)dy=0
Comparing equation (1) with M dx + N dy =0, we have
M=2ysinx+3y*sinxcosx and N =—4y3cos?x —cosx

oM ON

— =2sinx + 12y* sinx cos x and =8y’cosx sinx +sinx

dy
si dM 0N )
ince E # e so equation (1) is not exact.
oM _oN
Now, dy 0Ox _ 28in x + 123,!3 sin x cosx—8y3 cos x sin x + Sin X
N —4y" cos® x — cos x
; _ sin x -+ 4y* sin x cos x
— 4y% cos? x - cos x

o 3
:"’ll'i 2 O
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qm X (I | 4 o8 x)
= Y c=tanx = [(x)
~cos x (1 +4y? con x)

j@ function of x only,
H I = o [ rivx

L‘_I tan v dx

= = elR 05X = ¢og x

Multiplying equation (1) by cos x, we get

(2v sin v cos X + 3y* sin x cos? x) dx — (4y? cos? x + cos? x) dy = 0 .(2)
Comparing (2) with M dx + N dy = 0, we have

M =2ysinxcosx+dy*sinxcos?x and N =-4y3cos? x — cos? x

é¢M . . 0 .
— =2sinxcosx + 12y? sinx cos’x and Pl 12y3 sin x cos? x + 2 sin x cos x
cy x

M éN
; mre il %—- therefore equation (2) is exact.
cy

“ﬂmce the solution is

j Mdx + J. (terms in N not containing x) dy =c¢
ymstant

I (2y sin x cos x + 3y? sin x ccs® x) dx + I Ody=c
y constant -

—2ycos? x 3y*cos®x

2 3

y cos® x +y* cos®x

- EXERCISE; 1.5

Solve the following differential equations :

=cC

=€\

: 1/3 ¢
X+ 2 4 x)dx +xydy=0, 2. (.ty2 -e' dx _li). dy =0.

gy 02
y J:; +x?] dx+.}(x+xy2)dy=0 4, (x2+y2+]]dx—?...'dy=0. [MDU. 2017, 14, 03]

IK.U. 2017)
+dxd 4 6222 = 2 i+lexl,3-c »
B Toax? 3
xlyd 4 xb = 4, x*-y*=cx+1.
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1.8.4. Rule 4. If the equation M(x, y) dx + N(x, y) dy =0 is not exact and
[ (y)dy v N
a function of yonly = f(y) (say), then ej Y isan integratmg" ac

Proof. The given equation is M (x, y) dx + N (x,y)dy=0

As equation (1) is not exact, therefore we have to find the LF.

Suppose that p (v) is an integrating factor, where p (y) depends upon y only.
Multiplying eqn. (1) by p (), we get 1 () Mdx+p(y) Ndy=0

As eqn. (2) is exact, therefore

o 0
— [u(y) M] = — Ip(y) N]
&y (n(y ox

é JM oN
May () +nly By n(y) -
d oM oN
Md—yp(y)+u(y)-éj = IJ-(y) dx AN
o d . :
[Here — u(y)=—n(y) as u(y) is a function of y onl
g dy
d oN oM
= Md—yu(y) —H(J’)[E—E]

p(y) M

ox Oy

d
P [aN aM]

1
Integrating (3), we get I du() = I A’ [ 6_N- - % ) dy

u(y) ox 0y
1 (N oM
= log u(y) = J.ﬁ %y dy

IN M

Wl 55y
AR, |
piy) = e M[ 0x )7 e Iﬂy}dy, which is the required LF.

lﬁ" mple 1. I

Solve (3x%y! + 2xy) dx + (2x7y" - x2) dy =0. [M.D.U. 2013, 03; K.U. 20110
Solution. The given differential equation is
(Bx2y4 + 2xy) dx + (2x%y% — 2) dy =0
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Comparing equation (1) with M dx + N dy =0, we observe that
M= 3%y 4+ 2y and N = 2xyd — x2

oM it

Y Tl 2% 4 2 and 2N 6x%y% — 2

. ox

1 ‘M oN .
Since = * A therefore equation (1) is not exact,
fiﬁ oM
F X Ox  dy _ 6x’y® —9x_12x%,% _ g,
= =

xy (Bxy? + 2)

2@y’ +2) -2
xyBay®+2) y =W

which is a function of y only.

2
: ~<4d
LF. = o/ /0 :el ¥ e 2lomy _ logy?
log J—-
PE:
Multiplying both sides of equation (1) by —15 ,we get .
- y
' 0 5
[szyz + —i] dx + [2x3y - 3—2—] dy=0 -(2)
Yy y '
Now equation (2) is exact. { = = @r_ =6x%y - —2-3;]
_. cy X y°

Hence the solution is J. [31:2 y2 +

2x .
—-] dx + 0 = ¢, where c is any arbitrary constant.
¥ constant Y

or

2
X
y? + =g
y
x3y3 + x2 = ¢y,

Solve the following differential equations :
O +29) dx + (xy3 4 2y' —4x)dy =0

(2xy%e? + 249 4 4 g + (c%y* & - x%y% _ 3x) dy = 0
(-Ty3+y)dx+2(x2y2+x +yY)dy =0
("cy2"x2)dx+(3x9y2+x2y -2 +y%) dy =0,

[M.D.U. 2008]

[M.D.U. 2012]
[M.D.U. 2013, 07; K.U. 2011):

M
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e GRDINARY DIFFERENTIA
2
¢ x X
g 2v g, x4 —+—F=C
1. xy+Y +-E#C y y
.‘ ot L L |=c
3. xh+ Gyt + 20 =c 4. ¢'|\—5 "3 6 18 108

If the equation Mdx + Ndy =0 can be expressed as

b (my dx +nx dy) + xeyd (py dx + gx dy) = 0, where a, b, ¢, d, m,n,;

are constants and — # -E-, then x“ yD is an integrating factor, wh
n q .

1.8.5. Rule 5.
x%

a+ao+l -—_bj—E—t—l—and c+ra+l ai;
wand [ aresochosenthat — —— = 5 = 57

Proof. The given differential equation is
xayb (my dx + nx dy) + xtyd (py dx + qx dy)=0
Suppose x°yF is an integrating factor of (1).

Multiplying eqn. (1) by LF., we get
b+ﬁ+1dx+nx“+“+1yb+ﬁdy)+(px°+“yd+ﬂ+1.dx+qxc+“+1yd+ﬂdy:

(m.ﬂ‘.'ﬂy
or (m.a+u},b+[i+1+pxc+uyd+ﬁ+l)dx+(nxa+cz+1yb+_l3+qxc+a+1yd+[})dy =.0
b which is of the form M dx + Ndy =0.
' éM ¢N 5]
Now, ___.____(mxa+uyb+[3+1+pxc+uyd+[3+1)

| 6y o6x dy

0
- _a;(nxa+a+1yb+ﬂ+qxc+a+

=[(b+P+ D) mat* ey P4 (d+p+1)pxctaydth]

=[b+B+1D)m—(a+a+1n]yb+Pyata
+[(d+ﬁ+1)p_(c+a+1)q]yd

=mn[(b+ﬁ+1)_(a+a+l)]xﬂmy,”n+pq[(d+ﬁ+1) (c+a+1):l B
— x &

n m -
=0+0=0 [_..a+a+1_b+[3+1 dc+u+1 d+pt
m . ang —— = ———
M _ N " P
oy ox

Thus, equation (2) is an exact differential equation

a+0.+1 b+ +1
2Pl gcrerl dpl

n p q

Hence x%P is an L.F., provided

e
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ﬁ SOLVED EXAMPLES

Solve : (2x2y - 3y dx + (327 + 2xy") dy = 0. (K.U. 2018, 16; M.D.U. 2014, 11]

Solution. The given equation is
(2x%y — 3y*) dx + (3x® + 2xy?) dy = 0.
Comparing equation (1) with M dx + N dy = 0, we observe that

..(1)

M =2x%y—3y* and N = 323 + 2xy?
M _ o 12y® and N _ gy2 4 293
ay ox
Since %LE :t%ri , therefore equation (1) is not exact.
y X

Now equation (1) can be written as
x2(2y dx + 3xdy) +y% (- 3ydx +2xdy)=0

which is of the form

x2yb (my dx + nx dy) + x°y? (py dx + gx dy) = 0,

where a=2 b=0,m=2,n=3,¢=0,d=3, p=—3 and q=2.

Let the integrating factor be x* yP.
Multiplying equation (1) on both sides by the LF. i.e., x* yP, we have
(2x“+2yf’+ 1_ 3xay|]+4) dx + (3x‘”3y3+ 2x“+1yB+x3) dy =0 (2
Now comparing equation (2) with M dx + N dy = 0, we have
M = 2xa+2yB+1 _ gyayh+4

and N =3xu+3y[3+2xu+1y[3+3

b oM
Then Ty =28+ 1)x2*2yP — 3(B + 4) x2yP+3
oN ;

and == =3+ 3)at 2yl 4 2Aa+ Datyhtd
| Now equation (2) will be exact if oM = N
': dy ox
. Le,if " p
| 2B+ 1) x**2yP —3(B +4) x0yP+3 = 3(a + 3) 22+ 2 9P + 2>t + 1)x*yP+3
...
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or if 2P+ 1D =3 (a+3)
and —3 (P =2(+ D
" 49 ind
= - anc
or 1 a 13

40 28

x Wy 1% isthe required mtegratmg factor.

Mutliplying equation (1) by LF.ie, y 1By

23 15 49
18y 13 _8x 1B y13

[21"

Now equation (3) is exact.

Hence the solution is

G Ll A

e A A s S P T
] .

24

28
p=-=
13

49 28
“1a ,we have

10 28

36 11
]dx+[3x 3y 13 42x 13 y13]dy=0

23 28
[ @_sa_fz:__%x[m o ool

23 15 49 24
j' 9x 13y 18 _3x 13 y13 |dx+0 =cy,
¥ constant )
where c, is any arbitrary constant.

13 -0 I _3%6 24
or 2% By 1843 —x Byl ¢
36 1

_38 2 _lo 15
or 5x 13 y13—12x 3 y 13 —¢.

i

(P - 292 dx + (2xy? - 2%) dy = 0.
2. (22 +y)dx-(x%y -3x)dy =0.
- 3 (y2+2z7yjdx+(2x3—xy)dy 0.

4. (20x2+8xy+4y +3y3)ydx+4(x2+xy+y2+y3)xdy 0.

—
" Solve the following differential equations :

Jl_ 12
7

——

¥ 7

-.:llcrr

-
7

7 . X
L =3
i

2 1.
5
(4:: +2x y+gx3y2+x3y

3)yéc.
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